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Free Vibration Analysis of Electromechanical Integrated Electromagnetic Harmonic 
Movable Teeth Drive System 
 
Yubo REN*, Weidong BIAN, Ruile YAN 
 
Abstract: In the electromagnetic harmonic movable tooth drive system, the flexible wheel generates elastic deformation under the action of electromagnetic force, meshing 
output torque of the movable tooth and the center wheel. In view that the vibration of the flexible wheel under the action of electromagnetic force has an impact on the 
meshing of the movable tooth, which affects the output torque, this paper uses the theory of thin-shell vibration to simplify the flexible wheel into a thin shell with one end 
fixed at one end, and establishes an equilibrium equation of the flexible wheel displacement. And the vibration differential equation of the flexible wheel is derived. The 
influence of different parameters on its dynamic characteristics is analyzed. The theoretical values of several natural frequencies are compared with the ANSYS simulation 
values to verify the correctness of the method. 
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1 AIMS AND BACKGROUND 
 
In the development and application of modern science 
and technology, on many occasions, low-speed output 
power or motion [1-3] is required, which is usually 
achieved by using a servo motor with a mechanical gear 
reducer [4]. The electromagnetic harmonic movable tooth 
drive proposed in this paper is a new type of transmission 
device that skillfully combines the mechanical movable 
tooth drive with the electromagnetic harmonics generated 
by the rotating electromagnetic field. The device can 
realize the low speed output of the large transmission ratio, 
and there are no high-speed rotating mechanical 
components in the device. Therefore, a faster response can 
be achieved with the characteristics of high precision, 
small volume, and light weight, etc., that has broad 
application prospects in the fields of electronic assembly, 
medical equipment, aviation and military [5]. 
In order to optimize the design parameters and 
effectively evaluate and control the dynamic performance 
of the system, it is necessary to study the electromechanical 
coupling dynamics theory of the transmission system. 
 
2 DIFFERENTIAL EQUATION OF FLEXIBLE VIBRATION 
 
The distribution of the internal force in the middle 
plane of the flexible wheel is shown in Fig.1. 
 
 
Figure 1 Distribution of the internal force in the middle plane of the flexible 
wheel 
 
In the x-section, the tension-compression internal force 
per unit length is N1, the heavy force is S12, the bending 
moment is M1, the torque is M12, and the transverse shear 
force is Q1; in the θ section, the tension-compression 
internal force per unit length is N2, the heavy force is S21, 
the bending moment is M2, the torque is M21, the transverse 
shear force is Q2. In which, Fig. 1a is the mid-plane internal 
forces of four forces, and Fig. 1b is the curved internal 
forces of six forces. 
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wherein, F1 is the amplitude of three-phase alternating 
current electromagnetic potential (F1 = 1.35 × NkwI). N is 
the number of turns per phase, kw is the winding 
coefficient, I is the current value; μ0 is the magnetic 
permeability (μ0 = 4π × 10−7 H/m); δ is the air gap length; 
ω is the current frequency; t is the time; φ is the current 
phase angle. 
For a flexible wheel that is only subjected to radial 
loads, according to the Donne II thin shell theory [6, 7], the 
dynamic equation of the middle plane of the flexible wheel 
can be expressed as: 
 
2 2 2 2
2 2 2
2 2 2 2
2 2 2 2 2
2 2 8 3 2










u ( ) u ( ) v w
r x r xx r
u ( ) u ( ) v v wh F
K r xt x r r
( ) v v w w vk h F












∂ − ∂ + ∂ ∂
+ + + =
∂ ∂ ∂∂ ∂
 ∂ + ∂ − ∂ ∂ ∂
= − + + + +   ∂ ∂∂ ∂ ∂ ∂ 
   − ∂ ∂ ∂ ∂ ∂



























  ∂ ∂ − + + ∇ ∇ =    ∂ ∂ ∂    
 ∂ = −   ∂  
(2) 
 
wherein, u is the axial displacement, v is the 
circumferential displacement, w is the vertical mid-plane 
displacement, h is the thin wall thickness of flexible wheel, 
μ is material Poisson's ratio, r is the radius of middle plane; 
Fx, Fθ, Fz are the external forces acting on the flexible 
wheel in three directions. ρ is the material density of 
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By using Donnell's hypothesis and ignoring external 
forces [8], Eq. (2) can be simplified as follows: 
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3 SOLUTIONS TO FREE VIBRATION 
Since the axial distribution of the cylindrical shell 
shape is close to the corresponding boundary condition 
beam mode function, the combination of the axial beam 
function and the circumferential trigonometric function 
can be used to approximate the mode shape function of the 
cylindrical shell. According to Rayleigh-Ritz beam 
function combination method [9, 10], the displacement of 
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Wherein, the beam function is: 
m m m m m m
x x x xX ( x ) cos h cos x sinh sin
r r r r
λ λ λ λ = − − − 
 
     (5) 
Am, Bm, Cm are the coefficients. These can be obtained 
according to the boundary conditions; m is the axial wave 
number, and the physical meaning indicates the wave 
number of the vibration mode in one circumferential length 
















The characteristic equation can be obtained by 
substituting Eq. (5) into Eq. (4). 
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4 EXAMPLES AND DISCUSSION 
Based on the system parameters shown in Tab. 1, 
according to Eq. (6), the variation of natural frequency with 
flexible wheel parameters can be obtained by MATLAB, 
as shown in Fig. 2 to Fig. 5. 
Table 1 System parameters 
Item Value Item Value 
Outer diameter of 
stator(mm) 130 
Inner diameter of 
stator(mm) 80 
Core length(mm) 90 Coil turns (turns) 81 
Polar logarithm (pair) 3 Flexible wheel radius (mm) 39.5 
Effective length of 
flexible wheel 120 
Thickness of flexible 
wheel (mm) 0.2 
Air gap length 0.5 Working current I(A) 3 
Figure 2 Frequency function curve under different circumferential wave 
numbers 
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Figure 3 Frequency function at different axial half-wave numbers 
(1) Fig. 2 is a frequency function curve under different 
circumferential wave numbers, from which it can be seen 
that the more circumferential wave numbers, the greater 
the value of frequency function, correspondingly, the 
higher the natural frequency. 
(2) Fig. 3 also shows that the natural frequency increases 
with the increase of the axial half-wave number. 
(3) The larger the ratio of wall thickness to radius of 
flexible wheel in Fig. 4, the higher the natural frequency of 
flexible wheel. 
(4) The larger the ratio of radius to flexible wheel length 
in Fig. 5, the lower the natural frequency. 
Figure 4 Influence curve of wall thickness on frequency function 
Figure 5 Influence curve of radius on frequency function 
In addition, the natural frequencies of flexible wheel 
can be obtained from the above results. Since not all the 
values can be listed, two groups of flexible wheels are 
randomly selected for analysis in this paper. Tab. 2 shows 
the first five natural frequencies of flexible wheels when m 
= 1, n = 1, and Tab. 3 shows the first five natural 
frequencies of flexible wheels when m = 4 and n = 2. 
Table 2 The theoretical values of the first five natural frequencies of flexible 
wheels when m = 1 and n = 1 






Table 3 The theoretical values of the first five natural frequencies of flexible 
wheels whenm = 4 and n = 2 






As Tab. 2 and Tab. 3 indicate, the natural frequencies 
vary with the different axial and circumferential wave 
numbers. 
Dynamic simulation of flexible wheel model is carried 
out by using finite element software of ANSYS. Eight-
node shell element SHELL 93 is selected and divided into 
15 elements along the bus direction of the thin shell and 
divide the circumference with this element size. Based on 
this element size, a total of 1440 elements and 4512 nodes 
can be obtained. Because of the symmetry of the structure, 
1/4 of the flexible wheels are selected to study. The 
obtained finite element model is shown in Fig. 6.  
Define the error X of theoretical value and simulation 
value as follows [11]: 
   100
  




When m = 1, n = 1 the theoretic value and simulation 
value of the first five natural frequencies are shown in Tab. 
4. 
Figure 6 Finite element model: a) network model, b) boundary conditions and 
forces 




Theoretical value of 
natural frequency / Hz 
Simulation value of  
natural frequency / Hz X / %
1 946.6 893 0.06 
2 980.9 899.9 0.09 
3 1145.8 946.7 0.21 
4 1235.4 980.4 0.26 
5 1732.5 1178.5 0.47 
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It can be seen from the data in Tab. 4 that the 
theoretical value is slightly larger than the ANSYS 
simulation value, and the maximum error is only 0.47%. 
Therefore, the numerical algorithm provided in this paper 




The working principle of the electromagnetic 
harmonic movable teeth drives system is expounded. 
According to Donne II shell theory, the vibration 
differential equation of the system under the action of 
magnetic field is established. The frequency equation and 
the frequency solution of the flexible wheel with one end 
fixed and one end free are obtained. The natural frequency 
and the variation law of natural frequency with the flexible 
wheel parameters calculated by MATLAB, are also 
obtained. The obtained frequency values are in good 
agreement with the ANSYS simulation values. 
By using the modal function in this paper, the free 
mode shape of flexible wheels can be obtained further, 
which lays a foundation for studying more dynamic 
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